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Abstract 

We construct a 2- dimensional Causal Dynamical Triangulation (CDT) model from 
a matrix model which represents the loop gas model of closed string. The target-space 
index is reinterpreted as time or geodesic distance. We apply stochastic quantization 
method to the model to obtain the Generalized CDT (GCDT), which has additional 
interaction of creating baby universe. If we take a specific scaling in continuum limit, we 
realize an extended GCDT model characterized by the non-critical string field theory. 
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More than a decade ago, matrix model was expected to realize the non-perturbative 
definition of string field theories through the double scahng limit [1]. In the matrix models, 
the interaction of the spin cluster domain wall (1-K type interaction) plays an important 
role to obtain the non-critical string field theory [2]. Hermitian matrix models formulate 
the Dynamical Triangulation of the discrete 2D surface, in which orientable strings prop- 
agate or interact [3] [4] [5]. The Loop gas model is a description of the non-critical string 
field theory, in which every string is located in 1-dimensional discrete target-space point 
X and interacts with another one in the same point or neighboring points in each time 
evolution [6]. It is formulated by the matrix possessing the additional index a; [7] [8]. On 
the other hand, it is well known that the stochastic quantization of the matrix models 
is effective to deduce the string field theories, and the stochastic time plays the role of 
the geodesic distance on the 2D random surfaces [3] [9]. However, one of the problems in 
the Dynamical Triangulation is that the probability of splitting interaction becomes too 
large to construct the realistic space-time. This problem becomes more severe in higher 
dimension. Even in 2D model, the whole surface of the world-sheet is covered with many 
projections of infinitesimal baby universe. 

The Causal Dynamical Triangulation (CDT) model is proposed to improve the above 
problem[10]. In this model, the triangulation is severely restricted because of the time- 
foliation structure. The most characteristic feature of the CDT model is that the causality 
forbid the splitting and merging interaction. There appears no baby universe and a string 
propagator becomes a torus with smooth surface. The CDT model is generalized to 
include only the splitting interaction but not the merging interaction. It is the Generalized 
Causal Dynamical Triangulation (GCDT) model and baby universes make the world 
surface not be smooth[ll]. A string field theory is constructed from the CDT and its 
Schwinger-Dyson (S-D) equations are investigated [12]. It is also formulated by a matrix 
model further [13]. Recently, the GCDT model is extended to include additional I-K type 
interaction and its matrix model formulation is also proposed[14]. The S-D equation of 
this model has features of the non-critical string field theory. 

In this note, we construct the CDT model from the matrix model for the loop gas 
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Figure 1: A configulation of the CDT triangulation of the 1-step propagation 



model. We assign the matrix an additional discrete index, which is interpreted as discrete 
time or geodesic distance. In the original loop gas model, it is interpreted as space. Then, 
we apply the stochastic quantization method to this model in order to realize a string field 
theory of the GCDT model. The main difference from other matrix model formulation 
is that the stochastic time does not have relation to the geodesic distance in our model. 

At the beginning, we briefly review some fundamental nature about the CDT in the 2D 
space-time. In this model, a torus of loop propagation is sliced to many rings with small 
width a, the minimal discrete time. Each ring corresponds to the 1-step time propagation 
of a loop, from an edge to another edge. Loops of the edges are composed of the links 
with length a so that the length of loop is also discretized. A ring is constructed with 
triangles, one of whose three edges has to be a component of the loop on one side and the 
other two edges are connected to other triangles. Therefore the 1-step propagation from 
a loop with the length k to another one with the length m is composed of /c + m triangles, 
with k upward ones and m downward ones (Fig.l). Since the number of the configuration 
corresponds to the amplitude of this 1-step propagation, we define the 1-step "two- loop 
function" as 

G'(°)(A;,m;l) = ^— fc+„Cfc, (1) 
k + m 

where g is associated with each triangle and k+mCk expresses the binomial coefficient. 
It is rather convenient to define the 1-step marked propagator of the loop with length 
k as G'^^\k,m;l) = kG^'^\k ^ m; 1) . We can construct t-step unmarked (and marked) 
propagators by piling up the 1-step unmarked (and marked) propagators 

oo 

G(°)(n,m;t) = ^ ^("^(n, A:; t - 1)A;G'(°)(A;, m; 1), 



G«(n,m;t) = J] /t; t - 1)G«(A;, m; 1), (2) 

k=l 

respectively. The disc amplitude W{ri) is the summation of the amplitudes such that the 
loop with the length n becomes to zero in some future time, and it is expressed as 

oo 

Win)^j:G^'\n,0;t). (3) 

t 

Then, we expect the superposing relation, 

oo 

W{n) = J2 G^^\n, k; l)W{k) + G^^\n, 0; 1). (4) 

k=l 

Originally, the CDT model does not contain splitting interaction nor merging inter- 
action, because these processes violate the causality. This means that a saddle point on 
the world-sheet causes to two distinct light cones. However, we can include the split- 
ting interaction if we impose the condition such that any separated baby loop shrinks to 
length zero and the mother loop propagates without interacting with it. It is the GCDT 
model, in which the "causality" in a broad sense is respected. 

We propose a matrix model of the modified version of the loop gas model, with a 
fundamental matrix {Mtt')ij, where the indices i, j run from 1 to N. The N x N matrix 
Mtt' corresponds to a link variable which connects two sites on the discrete times t and 
t' with the direction from ttot'. Then we start with the action of U{N) gauge invariant 
form, 

S[M] = -g^/Ntr ^ Mw + ^tr ^ Mu'Mt^t - -^tr ^ M^'M^.^.M^.^, (5) 
t ^ t,t' 3vA' t,t',t" 

with the partition function Z = JVAIe'^^^l Mu = At is a hermitian matrix, which 

corresponds to a link of discrete string element soaked in one time t. Mt^t+i = Bf and 

Mt+i^t = bI are associated with a link connecting sites on the nearest neighboring times 

t and t + 1. Otherwise M^' — (for t' t^t ± 1). Hence we can rewrite the partition 

function as Z = J VAVBVB^e'^^^^^^^^^ with the action 

5[AS,St] = -g^/NtrY.^t'rUrY^Al+trY.BtBl 

t ^ t t 

tr^ ^3 _ ^tr + A+,B}Bt). (6) 
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Figure 2: The triangulation assignment for the cubic terms and the square term 



Two square terms in the first hne play the role of gluing the links of two triangles, 
and three cubic terms in the second line express the triangles which are the elements 
of surface (Fig. 2). While the last two terms composed of A, B and correspond to 
the triangles on the surfaces of string propagation ring, the cubic term of A produces 
a triangle soaked in one time-slice, which does not exist in the CDT model. Through 
integrating out the non-hermitian matrices Bf and B}, we obtain the effective theory only 
with equi-temporal link matrices Af. The partition function becomes Z = J T)Ae~^''*^^'^\ 
where 



gVNA, + \a\ - ^A\ + log{l - ^ + 



'i\/N ^ VAT 

If we define a loop variable (/)t(n) = -i:tr(^)"' as the discrete closed string of length n in 
time the effective action of the loop variables is written as 
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5'efr[(^,A] 



9, At 



2N 



At 



+ — tr 
3N 



At 



fc=Om=0 



(7) 



where G^^\k,m]l) is the two-loop function of the 1-step time appeared in the CDT 
model. The last term of eq.(7) is expressed graphically in Fig.l. We may construct the 
t-step propagator as 



nmG^'^\n,m; t) = {<pQ{n)(j)t{rn)) 



1 



VA(i)Q{n)(l)t{m)e-^'=«^^\ 
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This expresses the sum over all ways of connecting (poin) with (ptim) by t times piling 
of 1-step two-loop functions. Thus we reahze the matrix model formulation of the CDT 
model. 

Now, we extend this model to the GCDT with loop interactions by applying the 
stochastic quantization method to the above model. The Langevin equation for a matrix 
variable and white noise correlation 

describe the evolution of the matrices on the step of the unit stochastic time Ar. They 
generate the Langevin equation for a loop variable 

n-2 



A(f)t{n) — Am 



g(t)t{n - 1) - + + 1) + J] (pt{k)(t)t{n - k - 2) 



k=0 



fc=l m=0 

oo oo 



E E ^)Mn + k- 2)cPt-iii) 



+ ACt{n), (9) 



k=i e=o 

where G^^^ {k, m; 1) = /cG^") {k, m,t = 1) and G^^^ {k, m; 1) = mG^^^ {k,m,t = 1) are 1-step 
marked propagators with a mark on the entrance loop and the exit loop, respectively. 
A(t{ri) = N~^~^ ntT:{A^tA~^) is the constructive noise term which satisfies the correla- 
tion 

(ACt(n)ACt'(m))^ = 2ATStt' ^nm{(j)t{n + m- 2))^. (10) 

Any observable 0{4>) composed of loop variables is deformed, under the stochastic time 
1-step progress At, following the variation of 0t(n) with the Langevin equation (9) and 
the noise correlation (10). The generator of this At evolution corresponds to the Fokker- 
Planck (F-P) Hamiltonian H^p, 

+0(At5) 

= -AT{HFpO(<f>))^. (11) 



We interpret 0t(n) and nt{n) = as the operators for creation and annihilation of 

the loop with length n at time t, respectively. They fulfill the following commutation 
relation: 

[7rt{n),(ptim)] = Su'Snm- (12) 



Then the F-P Hamiltonian is expressed as 

1 



-1 oo 

Hfp = -1^ E E ^Lt{n - 2)7r,(n), (13) 

t n=l 



where Lt{n) is defined by 



;n + l)-0t(n + 2)+#t(n + 3) 



+ E E G^'\Km- l)0,(n + A;).^i+i(m) + EEG^'H^,^;l)0t(^ + ^)0t-i(^) 

k=l m=0 k=l 1=0 

n -1 oo 

+ E Uk)Mn -k) + —^Y. kMn + k)Mk) 

k=0 -'^ k=l 



(14) 



and it satisfies the Virasoro algebra 

[Lt{n),Lt'{m)] = {n - m)Stt'Lt{n + m). (15) 

In order to take the continuum limit we introduce the minimum length of this matrix 
model a. The continuum limit is realized by taking a to zero simultaneously with to 
infinity. It is called the double scaling limit. According to the CDT model, we set the 
continuum loop length as L = an and time as T = at [10]. We also define the cosmological 
constant A by |e~5"^^ — g. Here we introduce two scahng parameters D and Dj^. Since 
the commutation relation of the continuum field operators satisfy, 

[n(L; T), $(L'; T')] = 5{T - T')5{L - L'), (16) 

the scaling of the loop field operators can be described as $(L;T) = a~^^(f)t{n) and 
n(L; T) = a^^~^7rt(n) by using D. To keep the effect of the first term of the last line in 
eq.(14), the splitting interaction, we fix the scaling of the infinitesimal stochastic time as 

dT = a^^-'Ar. (17) 



Hence the existence of the continuum stochastic time requires D > 4. The terms in 
the second hne of eq.(14) express the characteristic interaction of this model, which 
corresponds to the I-K type interaction. Thus we maintain these terms by redefining the 
1-step propagator as &^\Li, L2; a) = a~^G'^^\k,m] 1), which gives the expression using 
the continuum lengths. We define the string couphng constant as Ggt = with D^- 

Then we obtain the continuum limit of the F-P Hamiltonian "Hpp by Ar-ffpp = drT-Lpp, 
and it is written as 

+ dLi dL2G^'\Li,L2;a)^L + Li;T)^L2;T + a) 
Jo Jo 

+ / dLi dL2G^^\L2,Li;a)^L + Li;T)^L2;T-a) 
Jo Jo 

+ f"^ dL,^L,;T)^L - L^;T) 
Jo 



roo 

+a-^^-^+^G',t / dL^Li^L + Li; T)n(Li; T) 
Jo 



n(L;r). (18) 



The first term on the r.h.s is the potential term, which means the propagation of a loop 
in an equi-temporal slice. We have to remember that any propagation of the loop in one 
equi-temporal slice is not contained in the GCDT model. Hence we expect this term to 
scale out in the continuum limit. This fact requires D < 6. It should be noted that, 
thanks to the scaling of the cosmological constant, after summing up the first three terms 
in eq.(14) the scaling of the propagation terms are enhanced two order higher compared 
with that of the original terms. This enhancement makes the above restriction D < 6 for 
D consistent with another restriction D > A from eq.(17). 

The next two terms are I-K type interactions which are similar terms appeared in the 
non-critical string field theory model (Fig.3(b))[2]. The second and the third terms cause 
the annihilation of a loop with the length L and creation of a loop with the length L + Li 
at the same time T. They also create another loop with the length L2 at the infinitesimal 
future time T + a and infinitesimal past time T — a, respectively. Then the lengths Li 
and L2 are connected by the infinitesimal 1-step marked propagator. The fourth term 
is the splitting interaction, which annihilates a loop with length L and create two loops 



Figure 3: (a) Splitting interaction and (b) I-K type interaction. The entrance loop 
propagates upward to the exit loop as the mother universe, while the baby universe must 
disappear to the vacuum before long. On the surface of propagating world-sheet, many 
baby universes of two types are attached as quantum effect. 

with the sum of their lengths L, simultaneously. The last term expresses the merging 
interaction, which annihilates two loops and create one loop whose length is equal to the 
sum of the two annihilated loops. 

While the splitting interaction is permitted in the GCDT model, the merging inter- 
action should be forbidden because of the "causality" in a broad sense. For this purpose 
we restrict the scaling parameter to satisfy 

Dn<-D + 1. (19) 

Combining this condition and 4 < D < 6, the value of D^r can be fixed. If Djy < —5 
the causality is respected, while if D^^ > —3 it is violated. When —5 < Djy < —3, the 
condition of eq.(19) must be taken into account. 

The interpretation of the stochastic process is following. If the stochastic process is 
not included, we have the exact CDT model. Each stochastic time step At produces 
one baby universe in either of two ways, that is the ordinary splitting interaction and 
the I-K type interaction (Fig. 3). While infinitesimal time or geodesic distance scales as 
dT = a, infinitesimal stochastic time scales by eq.(17) with A < D < 6. This may be 
expressed as dr = a^^Ar, with < Z^,- < 1. This expression shows that dr goes to zero 
more slowly than dT. From this we give a conjecture that the stochastic process, or the 
quantum effect occurs less frequently than the ordinary propagation in time. Therefore 
we can expect the processes creating baby universes may not become dominant in the 

8 



propagation. 

It is interesting to suppose the change of the scahng parameter D. The GCDT model 
is rcaUzed for 4 < < 6, and then the world-sheet might have reasonable number of 
baby universes of two types on its surface. When D > 6, the loop propagator contains too 
many stochastic processes, dominated by the propagation in the equi-temporal slice. The 
string interactions are suppressed except for the merging interaction, whose probability 
depends on the scaling parameter Dj^. Hence, we can imagine that the loop propagator 
has too much length-fluctuation in the time evolution. In D = 6, each equi-temporal 
slice contains fertile stochastic processes including propagation, as well as splitting and 
I-K type interactions. ^ However, it is not desirable from the viewpoint of our model. 

Finally, we derive the S-D equation from the continuum version of the Langevin 
equation. The disc amplitude is the expectation value of a loop variable, which propagates 
and shrink to nothing eventually. It is expressed in the continuum expression as 

/■oo 

WiL) = mL-T))= dTG^^\L,Q-T). 

Jo 

With the help of eq.(4), at the level of the expectation value we can expect the relation 

{ dL2G^^\Li,L2;a)^L2;T + a))^W{Li). (20) 
Jo 

Prom this the S-D equation is derived as follows, 

rL poo 

/ dLiWiU)WiL- U)^2 dUWiL^U)WiU)^Q. (21) 
Jo Jo 

In terms of the Laplace-transformed variable W{z) = dLe~^^W{L), eq.(21) is trans- 
formed to the expression in the Laplace space. With the exchange of z — > —z, we obtain 
another equation for W{—z). Then using above two equations, we obtain the S-D equa- 
tion as 

W(z)^ + 2W{z)W{-z) + W{-zf ^ H, (22) 

""^In the S-D equation, as we will discuss later, an additional potential term concerning propagation 
L{-^j^ — h)W{L), that is characteristic in the CDT model, survives in the scaling limit. 
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where // is some constant. This S-D equation expresses the same form as the one of the 
non-critical closed string field theory except for the coefficient of the second term of the 
l.h.s.. It is replaced with a coefficient 2cos7r]9o5 where the background momentum Po = ^ 
corresponts to the central charge c = 1 — ^(^^^^^ ■ The last term of the effective action 
eq.(7) is rewritten as Z^t,t' Ctj/ X^^^ m; l)0t(A;)0t/(m) with an adjacency matrix 

Ctt' = St'^t+i + St',t-i- If we adopt a twisted adjacency matrix C^°'' — e^^P°5t'^t+i + 
e~^'^P° 5t' ^t-i as ref.[7], instead of our choice Cu', we can express the loop bihnear term of 
the effective action eq.(7) as 

oo oo 

2cos7rpoEE E G^'\k,m;l)4>tik)<l>t+iim). 

t fe=0 m=0 

We obtain the S-D equation of the non-critical string field theory exactly which has the 
right coefficient for the second term on the l.h.s. of eq.(22). 

In conclusion, we have proposed the matrix model formulation to construct the 2D 
GCDT model. Using the stochastic quantization approach and taking a continuum limit, 
we obtain the non-critical string field theory. The scaling parameter D and Dj^ on. the 
double scaling limit are fixed as eq.(19) with 4 < D < 6 by requiring the consistency to the 
CDT model. We present one comment about a difference between the GCDT model and 
the discrete version of loop field theory formulated by our matrix model. In our effective 
action eq.(7) the sum of the 1-step propagation terms contains the propagation whose 
length of the exit loop or the entrance loop equal zero. It is not contained in the original 
CDT model[10]. We can cancel the G^^\k,Q- 1) and G'(°)(0,m; 1) terms in the effective 
action by adding two fermionic degrees of freedom to the matrix model action. It is done 
by assigning the Grassmann variables C",C^(q; = 1,2) to the link matrix connecting 
the sites in the same time shces, or — At,Cf,Cf. ^ Then the fundamental action 
is modified as 5*1 = — trJ^t^tCt + -^trJ^tGtAtCt, where S is the action of eq.(6). 
When we integrate out the fermionic degrees of freedom m Z — J VAVBT>B^VCT>Ce~^^ , 
the effective action has the additional term, — A^trX^tS^i '^i.^/^Y'^i which cancels the 
terms concerning to the loop-to-vacuum 1-step processes. Therefore, we need not worry 
^The fermionic matrices C",C" satisiy (C")*j = — 
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about whether the summation of the loop length begins from n — or n — 1. 
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